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Abstract—The AC/AC MMC application in the electric railway 
poses new challenges to the stability of the railway system. The 
impedance analysis method is an effective way to assess the sta-
bility of AC/AC MMC-based railway systems. Due to the internal 
dynamics of AC/AC MMC, there are steady-state harmonic 
components in the arm currents and capacitor voltages, and these 
harmonic components have a significant impact on the dynamic 
characteristics and stability of AC/AC MMCs. To accurately 
predict the stability of AC/AC MMC-based railway systems, this 
paper proposes an impedance model of AC/AC MMC with con-
sideration of dominate steady-state harmonics. Simulation and 
experimental results obtained from a prototype are presented to 
demonstrate the accuracy of the proposed impedance model. 
Besides, the proposed model is compared with the impedance 
model ignoring the steady-state harmonics, and the results show 
the advantage of the proposed model in the description of im-
pedance characteristics of AC/AC MMCs. The stability of an 
example AC/AC MMC-based railway system is analyzed using the 
proposed model, and the stability analysis results are validated by 
simulations. The effect of control parameters on the impedance 
characteristics is further analyzed, and this provides the guidance 
for controller design to damp the instability of the system. 
 
Index Terms—Electric railway, AC/AC, modular multilevel 
converter (MMC), impedance model, stability 
 
I. INTRODUCTION 
ITH the environmental constraints on the conventional 
transportation system, the electric railway system is 
considered to be one of the most eco-friendly and ener-
gy-efficient transportations [1]-[2]. In the last decade, the 
AC/AC MMC for railway power supply has drawn much at-
tention due to its modularity, scalability, high efficiency, and 
superior harmonic performance [3]-[4]. In 2011, the first 
MMC-based railway traction power supply, consisting of two 
37.5 MVA AC/AC MMC, was commissioned in Nuremberg, 
Germany [5]. Compared with the voltage source converter 
(VSC) for railway power supply, the AC/AC MMC can operate 
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without the costly and bulky transformer and filter [6]. 
The interaction between the AC/AC MMC and the power 
electronic converter in the electric train may lead to oscillations 
across a wide frequency range, and thus poses new challenges 
to the railway system. To assess the harmonic stability of the 
AC/AC MMC-based railway system, the dynamic model of 
AC/AC MMC is essential to be established. Existing studies 
mainly focus on the steady-state model of AC/AC MMC for 
designing the controller of the MMC. A model of AC/AC 
MMC is proposed in [7]-[9]. The steady-state analysis [7] and 
the transient analysis [8]-[9] are conducted by this model to 
guide the design of control systems. However, the capacitor 
voltage dynamics are ignored in the model proposed in [7]-[9], 
which cannot reflect the internal dynamics of the MMC. Ref-
erences [10]-[11] establish a mathematical model of the 
AC/AC MMC considering the capacitor voltage dynamics, and 
the capacitor voltage-balancing control is designed based on 
this model to eliminate the imbalance of the arm-capacitor 
voltages. The above models [7]-[11] are adequate for the con-
trol design in ideal applications, e.g., AC/AC MMC connection 
with resistance-load, but cannot analyze the harmonic instabil-
ity caused by the interaction between AC/AC MMC and power 
electronic converters in the electric railway application. 
The impedance-based stability analysis is an effective 
method for the stability evaluation of the electric railway sys-
tem [12]-[13], and the impedance model is the prerequisite for 
applying this stability analysis method. In recent years, most 
researchers have made efforts on the DC/AC MMC modeling 
[14]-[18]. Different from DC/AC MMCs, a single-phase side of 
AC/AC MMC is connected to AC network, instead of a dc link. 
Thus, the steady-state harmonic components in arm currents 
and capacitor voltages caused by internal dynamics are dif-
ferent in AC/AC MMCs and DC/AC MMCs, and the imped-
ance modeling of DC/AC MMC cannot be directly extended to 
the impedance modeling on the AC/AC MMC. More recently, 
reference [19] presents an admittance model of AC/AC MMC. 
In [19], the admittance model of an AC/AC MMC is developed 
under a special case, where the steady-state capacitor voltage 
ripples have little effect on the admittance model. Thus, the 
steady-state capacitor voltage ripples are ignored in its admit-
tance modeling. However, for other cases with different pa-
rameters, the dynamics of capacitor voltage ripples and current 
harmonic components can have significant impact on the sta-
bility of an AC/AC MMC system [20]. Therefore, it is signif-
icant to develop an impedance model of AC/AC MMC con-
sidering its steady-state harmonic components to accurately 
assess the stability of the AC/AC MMC-based railway system. 
This paper develops an impedance model of AC/AC MMC 
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with consideration of steady-state ripples of the capacitor 
voltages and arm currents harmonics. In Sections II, the 
steady-state model of AC/AC MMC is established. On this 
basis, the steady-state harmonics in the arm currents and ca-
pacitor voltages are obtained. Subsequently, Section III derives 
the impedance model of AC/AC MMC considering its 
steady-state internal harmonics based on the harmonic 
state-space (HSS) modeling method. Section IV verifies the 
developed impedance models by detailed circuit simulation and 
experimental measurements of a scaled-down prototype. 
Moreover, the proposed model is compared with the impedance 
model ignoring the steady-state harmonics, and the results 
show the advantage of the proposed model in the description of 
impedance characteristics of AC/AC MMC. In Section V, the 
stability analysis of the AC/AC MMC-based railway system is 
analyzed based on the proposed impedance model of sin-
gle-phase side MMC. The effect of control parameters on the 
impedance characteristics is further analyzed, and the controller 
parameter design of MMC is guided to effectively improve the 
stability of the system. Section VI draws the conclusion. 
II. DYNAMIC MODEL OF AC/AC MMC 
The configuration of a 50/3 Hz electric railway system with 
AC/AC MMC is shown in Fig. 1. Three-phase 110 kV 50 Hz 
grid voltages are stepped down to feed the AC/AC MMC 
through the traction transformer. The AC/AC MMC acts as the 
interface between the main grid and the traction network, 
converting the three-phase 50 Hz voltages to the single-phase 
50/3 Hz railway voltage. 
A. Averaged Model of AC/AC MMC 
Fig. 2 illustrates the topology of AC/AC MMC, which con-
verts the three-phase grid voltage e(t) into the single-phase 
railway voltage vr (t) without a dc link. The converter consists 
of three-phase legs, and each phase-leg consists of one upper 
and one lower arm, where each arm comprises N submodules 
plus an arm inductance Larm and a parasitic resistance Rarm. 
Each submodule (SM) consists of a capacitor CSM and an IGBT 
full-bridge as a switching element. Note the full-bridge sub-
module is used to allow for inserting bipolar arm voltages, 
which is necessary for the direct AC/AC conversion. 
Applying Kirchhoff Voltage Law to the circuit, the 















arm arm u u
l r
arm arm l l
di t v t
e t L R i t v t
dt
di t v t








  (1) 
where vu(t) and vl(t) are the upper and lower arm voltage, iu (t) 
and il (t) are the upper and lower arm currents. Due to a sym-
metrically similar relationship among three phases of AC/AC 
MMC, the subscript denoting the phase is dropped to simplify 
the notation. 
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Assuming the switching frequency is high enough and the 
SM capacitor voltages are always balanced, the MMC con-
sisted of individual SMs can be treated as the averaged model 
[21]-[22]. Based on the averaged model, the arm voltages vu,l (t) 
and the sum of submodule capacitor voltages in the upper or 
lower arm  ,Cu lv t
  are obtained as 
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  (4) 
where Carm = CSM/N, mu,l (t) are the modulation indices of upper 
and lower arms. 
Combining (3)~(4), the state-space equation of AC/AC 
MMC can be obtained as 
 
Fig. 2.  AC/AC MMC topology with full-bridge submodules. 
 
Fig. 1.  AC/AC MMC based 50/3 Hz electric railway system. 
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          x t A t x t B t u t    (5) 
where 
          , , ,
T
g c Cu Clx t i t i t v t v t
    
  (6) 
      ,
T
ru t e t v t      (7) 
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  (9) 
It can be observed from (4) that because of the multiplication 
between the arm current and modulation index, there are sig-
nificant steady-state ripples in the capacitor voltage. The 
steady-state capacitor voltage ripples, which in turn create 
harmonic voltages across the arm inductor, lead to the har-
monic components in the arm current. Clearly, this process 
resembles a “chain reaction” that causes an infinite number of 
steady-state harmonics in capacitor voltage and arm current, 
and the amplitude of harmonic becomes smaller as the fre-
quency increases. 
B. Harmonic steady-state study 
In order to accurately represent the multi-harmonic charac-
teristics of AC/AC MMCs at steady-state, the HSS modeling 
method [23]-[24], which is able to simultaneously represent 
multiple frequency responses, is introduced to model the 
AC/AC MMC. The modeling principle of the HSS method is 
provided in Appendix I. 
Following the HSS modeling procedure, the time-domain 
model of the AC/AC MMC can be converted into the fre-
quency-domain state-space equation: 
  s   X A N X BU   (10) 
where 
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  (12) 
   A t A   (13) 
   B t B   (14) 
  1 1 1 1, , , , , , .diag jn j j jn     I I O I IN   (15) 
where ω1 is the fundamental angular frequency of the system. 
Note that the fundamental frequency of the AC/AC MMC 
 
 
system is set as 50/3 Hz, making it beneficial for the expansion 
of the harmonics in the frequency domain. 
The harmonics of state variables at steady state can thus be 





  X A N BU   (16) 
To validate the steady-state harmonic model of AC/AC 
MMC, a comparison between the analytical model and the 
simulation in MATLAB/Simulink is shown in Fig. 3. The pa-
rameters of the MMC are listed in Table I. As can be seen, the 
analytical models match well with the simulation results, which 
verifies the steady-state model of the AC/AC MMC. The cir-
culating current is equal to one-third of the single-phase side 
current, indicating the single-phase side current splits equally 
among three phases. The FFT analysis of the capacitor voltage 
in Fig. 3(d) shows there are mainly three steady-state ripples at 
2f1, fg + f1 and 2fg (e.g., 100/3 Hz, 200/3 Hz and 100 Hz) in the 
capacitor voltage. Based on the model, the steady-state har-
monics of the AC/AC MMC for railway power supply can be 
accurately studied. 
TABLE I 
PARAMETERS OF AN EXAMPLE AC/AC MMC 
Symbol Description Value 
e Line to line RMS grid voltage 15 kV 
vr Railway side voltage 15 kV 
fg Grid frequency 50 Hz 
f1 Railway frequency
 50/3 Hz 
0Cv
  Sum capacitor voltage 30 kV 
N Submodule number per arm 15 
Larm Arm inductance 2 mH 
Rarm Arm parasitic resistance 0.5 Ω 
CSM Submodule capacitance 15 mF 
 
 
Fig. 3.  Validation for the steady-state harmonic model of the AC/AC MMC. (a) 
Arm currents. (b) Circulating current. (c) Sum of submodule capacitor voltages 
of upper arm in phase A. (d) Frequency analysis of capacitor voltage. 
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III.IMPEDANCE MODELING OF AC/AC MMC 
A. Harmonic Linearization 
The impedance model of single-phase side AC/AC MMC is 
established by the harmonic linearization. A sinusoidal 
perturbation voltage vrp at fp is firstly injected in the 
single-phase voltage of AC/AC MMC. Then, the single-phase 
side impedance can be determined by calculating the 
corresponding single-phase side current response at the 
perturbation frequency. 
By applying the harmonic linearization to the state-space 
equation of the AC/AC MMC in (5)-(9), the small-signal 
state-space equation of the MMC can be obtained as 
          p p p p px t A t x t B t u t    (17) 
where 
          , , ,
T
p gp cp Cup Clpx t i t i t v t v t
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  (18) 
        , ,
T
p up lp rpu t m t m t v t      (19) 
  
   
   
   





















m t m tR
L L L
m t m tR
L L L
A t
m t m t
C C















  (20) 
 
   
   
   






















v t v t
L L
v t v t
L L L
B t
i t i t
C


















in which the subscripts “0” and “p” denote the steady-state and 
perturbation components, respectively. 
According to the internal dynamics of MMC, the injected 
perturbation voltage will result in the perturbations in all the 
state variables at ωp, ωp ± ω1, ωp ± 2ω1, ⸳⸳⸳, ωp ± nω1. Applying 
the HSS modeling method, the small-signal model of the MMC 
in frequency domain can be obtained as 
   ,p p p p p ps   X A N X B U   (22) 
where 
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  (24) 
      ,p p p pA t B t   A B   (25) 
    1 1, , , , .p p pdiag j n j n       O IN I   (26) 
Note that the steady-state harmonics in the Toeplitz matrix 
Ap and Bp can be obtained by the steady-state harmonics model 
in Section II-B, or the simulation of the converter circuit. Fur-
thermore, the perturbation modulation indices Mup±n and Mlp±n 
are related to the control dynamics of AC/AC MMC, which will 
be discussed in the following subsection. 
B. Control Modeling 
For the grid-side control of AC/AC MMC, due to the absence 
of a connection to a stiff dc bus, the capacitor voltage control is 
essential for the AC/AC MMC control scheme to maintain 
stable capacitor voltage. Fig. 4(a) shows the average voltage 
control to regulate the average of all SM capacitor voltages by 
using PI controller [10]. The PI controller produces the d-axis 
reference current. The q-axis reference current is set to be zero 
for unity power factor control. The grid current control in a 
rotating dq-frame is adopted to properly track the reference 
currents, as illustrated in Fig. 4(b). The phase-locked loop (PLL) 
strategy provides the controller with the estimated PCC voltage 
angle θ, and the structure of PLL is shown in Fig. 4(e). 
For the railway-side control of AC/AC MMC, Fig. 4(c) 
shows the railway-side voltage control to provide a stiff voltage 
for the electric railway system by using a proportional resonant 
(PR) controller tuned at 50/3 Hz. As the zero-sequence current 
at 50/3 Hz inherently exists in the circulating current of the 
AC/AC MMC for railway power supply, a PR controller tuned 
 
Fig. 4.  Block diagram of the AC/AC MMC control scheme (a) Average voltage 
control. (b) Grid current control. (c) Railway-side voltage control. (d) Circu-
lating current control. (e) PLL. (f) Open-loop modulation scheme. 
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at 50/3 Hz is used to achieve zero steady-state errors for si-
nusoidal quantities, as shown in Fig. 4(d). 
Furthermore, the open-loop modulation scheme, which can 
inherently stabilize the internal dynamics of MMC [25], is 
applied in this paper. Based on the modulation scheme, the 
modulation indices of upper and lower arms are expressed as 
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  (27) 
where 0Cv
  is the reference sum capacitor voltage with a con-
stant value, us(t) and uc(t) are the voltages from the grid-side 
control and railway-side control, respectively. 
The control scheme of AC/AC MMC is mainly composed of 
the average voltage control, grid current control, PLL, rail-
way-side voltage control, and circulating current control. Note 
that the grid-side of AC/AC MMC is treated as the strong grid 
in this paper. The grid voltage is hardly influenced by the per-
turbation voltage in the single-phase side, and the response of 
the detected phase θ in PLL is hardly influenced by the sin-
gle-phase side perturbation voltage. Therefore, the PLL dy-
namics can be ignored in the impedance modeling of sin-
gle-phase side AC/AC MMC. Based on the discussion above, 
the control model of AC/AC MMC is equal to the superposition 
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where 
 
1 0 1, , , , , , .
T
up up n up up up upnM M M M M    m   (29) 
mlp, vrp, igp, icp, Cup

v  and Clp

v follow the similar expressions as 
mup. Hg, Hc, Hr, and T are the coefficient matrixes of the grid 
current control, the circulating current control, the railway-side 
voltage control, and the average voltage control, respectively. 
1) Circulating Current Control 
The circulating current control response to the small-signal 
modulation indices can be modeled by 
 ; ,up c cp lp c cp   m H i m H i   (30) 






c k n n
k c p
kdiag q








  (31) 
Hc is the transfer function of the PR controller in the circulating 
current control. 
2) Railway-side Voltage Control 
The model of the railway-side voltage control is expressed as 
 ; ,up r rp lp r rp   m H v m H v   (32) 
where Hr is a (2n+1)×(2n+1) diagonal matrix expressed as 
    0, ,0, ,0, ,0 .r rv p c pdiag H j H j    H   (33) 
Hrv is the transfer function of PR controller in railway-side 
voltage control. 
 
3) Grid Current Control 
Since the zero-sequence components will not flow among 
the three-phase three-line grid system, the grid current control 
only reacts to the positive and negative components. The se-
quence of small-signal components under single-phase voltage 
perturbation has following two features: (1) The single-phase 
side voltage is seen as the zero-sequence voltage with respect to 
the three-phase grid voltage; (2) The perturbation voltage 
added on the single-phase side has the same effect on the six 
arms and does not affect sequence relationship. Therefore, the 
sequence relationship of small-signal components is only de-
termined by the sequence relationship of the grid voltage. Then 
mωg is introduced to the angular frequency of the perturbation 
current for analyzing the sequence relationships of the pertur-
bation currents. The frequency of the perturbation current, 
which is ωp ± nω1, can be rewritten by using the modulo-2 
function as mod(m,2) 
   1mod ,2 .p gm m      (34) 
The sequence of the perturbation currents can be defined by 
using the modulo-3 function as mod(m, 3), given as 
  
1, 3 1







   
 
  (35) 
where +1 indicates the positive sequence, −1 indicates the 
negative sequence, and 0 indicates the zero sequence. Based on 
the sequence relationships of harmonics, the model of the grid 
current control can be expressed as 
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Hi is the transfer function of the PI controller in current control, 
the jKd term indicates the effects of the decoupling gain. The 
term |mod(m,3)| is used to remove the zero-sequence harmon-
ics. 
4) Average Voltage Control 
As the sum of the capacitor voltages among three phases 
cancels the positive- and negative-sequence components in the 
capacitor voltage, only the zero-sequence perturbation voltages 
need to be concerned in the average voltage control. Then the 
model of average voltage control can be expressed as 





   




































Authorized licensed use limited to: Aalborg Universitetsbibliotek. Downloaded on December 18,2020 at 09:01:56 UTC from IEEE Xplore.  Restrictions apply. 
2332-7782 (c) 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TTE.2020.3043819, IEEE
Transactions on Transportation Electrification
IEEE Transactions on Transportation Electrification                                                                                                                        
Hv is the transfer function of the PI controller in average voltage 
control. Note that qm is zero for |mod(m,3)| = ±1, because av-
erage voltage control does not react to the positive- and nega-
tive-sequence components in the capacitor voltage. 
C. Impedance Modeling of AC/AC MMC 
Substituting the control model into the small-signal model of 




p p p p p

 X A N B U   (40) 
It is noted that the higher order of harmonics considered in 
the small-signal model, the higher accuracy can be achieved. 
However, the high harmonic order increases the complexity of 
the system model. As shown in Fig. 3, the steady-state har-
monics above 100 Hz are quite small and can be nearly ne-
glected. Thus, the harmonic order considered in the 
small-signal model of AC/AC MMC is set as n = 7. 
The small-signal impedance of railway-side AC/AC MMC is 
obtained by calculating the ratio of the complex voltage to the 
resulting current at the perturbation frequency, which is defined 
as 
      MMC rp p rp pZ s V f I f   (41) 
As the single-phase current is three times the value of the 
circulating current, the impedance of the AC/AC MMC can be 
rewritten as 
    MMC 0 0= 3 ,rp cpZ s V I   (42) 
The perturbation circulating current at fp, which is depicted as 
Icp0, is extracted from the perturbation components solved by 
(40). 
IV. SIMULATION AND EXPERIMENTAL VERIFICATIONS 
A. Simulation Validation 
The accuracy of the developed model is first validated by the 
simulation. In the simulation, a nonlinear time-domain 
simulation model of AC/AC MMC is built in 
MATLAB/Simulink. The three-phase terminals of the MMC 
are connected to ideal voltage sources, and the single-phase 
terminal is connected to the resistive load. The single-phase 
side impedance of the AC/AC MMC is measured by injecting a 
series of small-signal perturbation voltages at different 
frequencies in the single-phase voltage. Then the AC/AC MMC 
impedance can be obtained by calculating the ratio of the 
perturbation voltage to the corresponding current at each 
frequency. The main parameters of the AC/AC MMC in the 
simulation are the same as Table I. The control parameters in 
the simulation are listed in Table II. 
Fig. 5 shows the comparison of the simulation and analytical 
results of AC/AC MMC single-phase side impedance. The red 
curve corresponds to the proposed impedance model, and the 
responses obtained from circuit simulation are presented by 
circles at discrete frequency points. It can be observed the 
simulation measurements exhibit good overall matching to the 




Moreover, the impact of the steady-state capacitor voltage 
ripples in the modeling on the accuracy of the analytical 
AC/AC MMC impedance model is also shown in Fig. 5. The 
blue dashed curve corresponds to the impedance model 
ignoring the steady-state capacitor voltage ripples. It can be 
observed that when the steady-state capacitor voltage ripples 
are ignored in the impedance modeling of AC/AC MMC, the 
model is significantly different from the actual responses, 
especially below 100Hz. Therefore, it is essential to consider 
the steady-state capacitor voltage ripples in the impedance 
modeling in order to accurately reveal the characteristics of 
AC/AC MMC impedance model. 
B. Experimental Validation 
To further validate the steady-state harmonic analysis and 
the impedance model of AC/AC MMC, a 10kVA down-scaled 
AC/AC MMC is developed in the laboratory. The topology of 
the MMC experimental setup is shown in Fig. 6. The digital 
control system is implemented by DSP (TMS320F2812) and 
FPGA (EP2C8), which integrates a programmable logic with a 
processing system. The parameters of the down-scaled 
prototype are given in Table III. 
In order to obtain the waveforms of AC/AC MMC under the 
steady-state operation condition, the MMC is firstly operated in 
the steady state, where the single-phase terminal is connected to 
the resistive load. Fig. 7 shows the experimental waveforms. It 
is obvious in Fig. 7 that the arm currents contain the compo-
nents of the grid current at 50 Hz and the single-phase side 
current at 50/3 Hz, and the submodule capacitor voltages con-
tain the obvious steady-state ripples. 
To validate the proposed impedance model of single-phase 
side AC/AC MMC, the small-signal impedance measurements 
are carried out on a down-scaled AC/AC MMC experimental 
setup. The resistor load is connected to the single-phase side of  
TABLE II 
CONTROL PARAMETERS OF AC/AC MMC 
Symbol Description Value 
Hi(s) Grid current controller 1+10/s 
Hc(s) Circulating current controller 1+10s/(s
2+ω1
2) 
Hrv(s) Railway-side voltage controller 0.5+s/(s
2+ω1
2) 




Fig. 5.  Impact of the steady-state capacitor voltage ripples in the modeling on 
the accuracy of the analytical impedance model. 
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the AC/AC MMC to determine the steady-state operating point. 
The Chroma 61611 programmable AC source is used as the 
voltage source to inject the perturbation voltage to the 
single-phase side voltage at 50/3 Hz. The programmable AC 
source performs the frequency sweeps ranging from 1 Hz to 
1000 Hz superposed on the 50/3 Hz fundamental frequency. 
Then, the resulting perturbation voltage and current are 
extracted. The impedance of single-phase side AC/AC MMC is 
calculated by the ratio of the perturbation voltage to current as 
      MMC p r p r pZ f V f I f   (43) 
where Vr(fp) and Ir(fp) are the Fourier components of 
single-phase side voltage vr and current ir, respectively, at 
frequency fp. 
The proposed analytical impedance model of AC/AC MMC 
is compared with the experimental measurement impedance, as 
shown in Fig. 8. The blue curve corresponds to the analytical  
 
impedance model of single-phase side AC/AC MMC. The 
responses obtained from experimental measurements are 
presented by red circles at discrete frequency points. It can be 
seen from Fig. 8, the experimental measurements are well 
matching the analytical impedance model, which confirm the 
validity of the proposed impedance models. 
V. STABILITY ANALYSIS OF AC/AC MMC-BASED RAILWAY 
SYSTEM 
A. Stability analysis 
Based on the presented impedance model, the stability of the 
AC/AC MMC-based railway system can be analyzed via the 
impedance-based stability criterion. Fig. 9 shows the structure 
diagram of AC/AC MMC based railway system connected to 
electric trains. The catenary is generally adopted in the traction 
network, which is equivalent to the resistance–inductance 
circuit model. The traction drive system of electric train 
consists of the onboard transformer, single-phase 4-quadrant 
converters (4QC), dc-link capacitors, three-phase inverters, and 
induction motors [26]. When the stability issue at the traction 
network is considered, the inverters and induction motor are 
equivalent to a load resistance [27]. Besides, the impedance 
model of single-phase VSC in the stationary frame has been 
fully investigated in [28]-[29], so it is not presented. 
The small-signal impedance model of the interconnected 
system is shown in Fig. 10. As shown in Fig. 10, the ideal 
voltage source Vs(s) in series with the MMC impedance ZMMC(s) 
represents the AC/AC MMC; Zc(s) is the impedance of the 
catenary network between the MMC and the electric trains; the 
current source It(s) in parallel with the impedance Zt(s) 
represents the electric train. In order to investigate the 
interaction behaviors of the traction network in the same 
voltage level, the train impedance at the secondary side should 
be converted to the primary-side of the traction network, i.e., 
ZT(s) = k2 Zt(s) where k is the onboard transformer ratio. For 
simplicity, the electric trains are aggregated into one train, and 
the equivalent train-side impedance is obtained as Zeq(s) = 
ZT(s)/N, where N is the number of the trains. Then, the voltage 
at the interconnection point is given by 
 
Fig. 8.  Validation of the impedance responses of the AC/AC MMC by com-
paring the developed impedance model (blue solid line) to the experimental 
measurements (red circles). 
TABLE III 
PARAMETERS OF SCALE-DOWN PROTOTYPE 
Power supply parameters 
e Line to line RMS grid voltage 1 p.u. (380 V) 
fg Three-phase frequency 50 Hz 
f1 Single-phase frequency 16.7 Hz 
0Cv
  Sum capacitor voltage 1.6 p.u. 
N Submodule number 2 
Larm Arm inductance 0.04 p.u. 
CSM Submodule capacitance 0.04 p.u. 
RL Load resistance 0.7 p.u. 
Controller parameters 
Hi(s) Grid current controller 0.1+1/s 
Hc(s) Circulating current controller 0.1+0.5s/(s
2+ω1
2) 
Hrv(s) Single-phase side voltage controller 0.05+0.1s/(s
2+ω1
2) 




Fig. 7.  Experimental results of the AC/AC MMC under steady-state operation 
condition. 
 
Fig. 6.  Schematic diagram of the experimental setup. 
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  (44) 
In order to determine the system stability, it is assumed that: 
1) Vs(s) is stable in the open-circuit conditions, and 2) It(s) is 
designed to be stable when the voltage source impedance is 
zero. Then the system small-signal stability is determined by 
the impedance ratio (ZMMC(s)+Zc(s))/Zeq(s). This impedance 
ratio should satisfy the Nyquist stability criterion if the system 
is stable [12]. 
Fig. 11 shows the impedance-frequency characteristics of the 
single-phase side AC/AC MMC and the equivalent train-side 
impedance under different trains (e.g., N = 2, N = 4, N = 6 and N 
= 10). The parameters of the electric train system are listed in 
Table IV in Appendix II. Applying the Nyquist criterion, the 
stability of the AC/AC-MMC-based railway system can be 
assessed. It can be seen from Fig. 11, the phase margin of the 
system becomes smaller with the increasing number of trains in 
operation. When the number of trains is 2, the stability margin  
of the system is about 60°, meaning the system is stable. When 
the operating trains are 10, the MMC impedance intersects the 
train-side impedance at 50 Hz with the stability margin less 
than zero, indicating the system is unstable and the oscillations 
will arise at 50 Hz. 
Due to the complexity of the practical system, the simulation 
is considered to be an acceptable method to verify the stability 
analysis of the system. Fig. 12 shows the simulation results of 
the MMC-based railway system under 2 operating trains. It can 
be seen that the system is stable without the harmonic voltage 
and current. Fig. 13 shows the simulation results of the railway 
system under 10 operating trains. It is obvious that there are 
oscillations in the overhead line voltage and current. 
Furthermore, the FFT result of the overhead line voltage shows 
that the dominant oscillation frequency is 50 Hz, which 





Fig. 13.  Simulation results of overhead line voltage and current under 10 
operating trains. 
 
Fig. 12.  Simulation results of overhead line voltage and current under 2 oper-
ating trains. 
 
Fig. 11.  Impedance characteristics of the AC/AC MMC and the train-side 
impedance under different trains. 
 
Fig. 10.  Small-signal impedance model of the AC/AC MMC based railway 
system. 
 
Fig. 9.  Structure diagram of AC/AC MMC based railway system. 
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Fig. 14 shows the impact of the steady-state capacitor 
voltage ripples in the modeling of AC/AC MMC on the 
stability analysis of the MMC-based railway system. It can be 
observed that the red curve (impedance model considering the 
steady-state capacitor voltage ripples) intersects the train 
system impedance at 50 Hz with the phase margin less than 
zero, which indicates the system is unstable. However, if the 
steady-state capacitor voltage ripples are ignored in the 
modeling, the impedance model of MMC corresponding to the 
blue dashed curve does not intersect the train system impedance, 
which indicates the system should be stable. Yet, the simulation 
results as shown in Fig. 13 indicate that the system is actually 
unstable. Therefore, the steady-state capacitor voltage ripples 
should be considered in the impedance modeling of 
single-phase side AC/AC MMC to assess the stability of the 
system accurately. 
 
B. Design guidance of the AC/AC MMC controller 
In the AC/AC MMC-based railway system, the stability of 
the system can be guaranteed by adjusting the control 
parameters of the AC/AC MMC and the converter in the 
electric trains. Considering the practical application, modifying 
the controller parameters of the electric trains will be applied in 
a number of trains. Thus, adjusting the controller parameters of 
MMC is easy to carry out in practice. Fig. 15 shows the effect 
of the proportional gain of the railway-side voltage controller 
on the single-phase side impedance of the MMC. It can be 
observed that decreasing proportional gain leads to the smaller 
magnitude of the MMC impedance, except for the two 
resonance points at 50/3 Hz and 50 Hz. Moreover, the phase of 
the AC/AC MMC impedance around 50 Hz is greatly increased 
with the decreasing proportional gain, thereby increasing the 
stability margin of the system. It can be seen from Fig. 15, 
when the proportional gain decreases from 1 to 0.25, the phase 
margin of the system increases from less than 0° to greater than 
20°. Thus, the system stability can be effectively improved by 





Fig. 16 shows the simulation results of the railway system 
under 10 operating trains, where the proportional gain of the 
railway voltage controller is modified at t = 1s. It can be seen 
that the system operates with significant oscillations when Krvp 
= 1. While, when Krvp is decreased from 1 to 0.25 at 1s, the 
system becomes stable without oscillations. 
As the above analysis shows, the value range of the control 
parameters for ensuring the stability of railway system can be 
obtained based on the stability analysis. In regards to the 
optimal design of control parameters, not only the system 
stability but also the dynamic response should be considered. 
The tradeoff between the system stability and dynamic 
response speed can be further studied in the future work. 
VI. CONCLUSIONS 
This paper develops the impedance model of AC/AC MMC 
for the electric railway system. The proposed impedance model 
considers the internal harmonics within AC/AC MMC and the 
control model, and thus this model can accurately reflect the 
characteristics of AC/AC MMC for railway traction power 
supply. Meanwhile, the proposed model is compared with the 
impedance model ignoring the steady-state harmonics. The 
results show that the steady-state ripples of capacitor voltage in 
 
Fig. 16.  Simulation results of overhead line voltage and current, under the step 
change from Krvp = 1 to Krvp = 0.25 at t =1 s. 
 
Fig. 15.  Impact of the proportional gain of the railway-side voltage controller 
on the AC/AC MMC impedance. 
 
Fig. 14.  Comparison of stability analysis with and without considering the 
steady-state capacitor voltage ripples in the impedance modeling of AC/AC 
MMC. 
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the modeling is a key factor ensuring the accuracy of the model. 
In addition, the stability of the MMC-based railway system is 
analyzed using the proposed impedance model. The impedance 
of AC/AC MMC shows a capacitive behavior in the low fre-
quency range, and thus the system is prone to oscillate when 
multiple trains operate simultaneously. To damp the oscilla-
tions, the impact of parameters of railway-side voltage con-
troller on AC/AC MMC impedance characteristics is analyzed, 
and it is found that decreasing proportional gain can increase 
the phase margin of the AC/AC MMC-based railway system. 
This result can provide guidance for the controller parameter 
design of MMC to improve the stability of AC/AC MMC-based 
railway system. 
APPENDIX Ⅰ: REVIEW OF THE HSS METHOD 
For any time-varying periodic signal x(t), it can be written in 
the form of Fourier series as below 
  1jn tn
n Z




where Xn is the Fourier coefficient, ω1 is the fundamental an-
gular frequency of the signal. 
The time-domain state-space equation of the system is ex-
pressed as 
         x t A t x t B t u t   
Based on Fourier series and harmonic balance theory [30], 
the time-domain state-space equation of the system can be 
transformed to the frequency-domain state-space equation, 
which is expressed as 
 s   X A N X BU  
where 
 1 0 1= , , , , , ,
T
n nX X X X X X  
 1 0 1= , , , , , ,
T



































  B t B  
 1 1 1 1, , , , , ,diag jn j j jn     I O IN I I   
I and O are the identity matrix and zero matrix having the same 
matrix size with the number of state variables. The subscript n 
indicates the order of the harmonic, Xn, Un, An, Bn are the nth 
Fourier coefficients of x(t), u(t), A(t) and B(t), respectively. A 
and B are the Toeplitz matrix to make the frequency-domain 
convolution operation easier. The Toeplitz matrix is denoted as 
the function Γ in this paper. The matrix An of the Toeplitz ma-
trix A has the same size as A(t). 
APPENDIX Ⅱ: PARAMETERS OF THE ELECTRIC TRAIN SYSTEM 
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